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STELLINGEN
Propositions belonging to the PhD thesis:
Piecewise Deterministic Markov Processes:
An Analytic Approach
by Taleb Alkurdi
1. Let S be a closed separable subset of a Banach space X and letM (X)
be the Banach space of finite signed Borel measures on X equipped with
the total variation norm. For x ∈ S, let δx denote the Dirac measure at
x. Suppose that x 7→ Qx : S →M (X) is a continuous map and suppose
that for every x ∈ S, the map y 7→ Qx (·+ y) : S →M (X) is continuous.
Define P : M(X)→M(X) by
(Pµ) (A) :=
ˆ
S
Qx (A− x) dµ (x) .
The map x 7→ Pδx : S →M (X) is continuous, that is, P is ultra–Feller.
2. If a Markov operator P on a compact metric space (S, d) is ultra–Feller
and strictly overlaps support uniformly, i.e., there exists n ∈ N such that
for all x, y ∈ S, the interior of supp (Pnδx) ∩ supp (Pnδx) is non–empty,
then P is uniformly exponentially stable for the total variation norm.
3. Let P be a Markov-Feller operator on a compact metric space (S, d)
and let B(z, r) denote the open ball in S with centre z and radius r.
Suppose that there exists a z ∈ S such that for each r > 0 there exists
N = Nr ∈ N such that for all x ∈ S,
(
suppPNδx
) ∩ B (z, 12r) 6= φ.
Then there exists β > 0 such that for all m ≥ N and x ∈ S, one has
Pmδx (B (z, r)) ≥ β > 0. Consequently, for each r > 0, and for all x ∈ S,
inf
x∈S
lim inf
n→∞ P
nδx (B (z, r)) > 0.
4. Let (S, d) be a complete separable metric space, let (BL(S), ‖·‖BL) denote
the Banach space of bounded Lipschitz functions on S, and let M+(S)
be the cone of positive measures inM(S). Let x 7→ px : S →M+ (S) be
Bochner–measurable for the dual bounded Lipschitz norm, ‖·‖∗BL. Define
Pµ :=
´
S
pxdµ (x), µ ∈ M+(S). Then P is regular. Moreover, the dual
U of P maps BL (S) to BL (S) if and only if the map x 7→ px is Lipschitz.
5. One can use the Krylov-Bogoliubov-Beboutov-Yosida (KBBY) ergodic
decomposition for Polish spaces [Worm & Hille (2011), Ergod. Th. &
Dynam. Syst. 31(2), 571–597] to show that a set of invariant measures
for a Markov operator consists of all ergodic measures.
6. Applying concepts and techniques from functional analysis and dynamical
systems, such as measures of non-compactness, Hausdorff distance and
attractors, to the study of Markov operators on Polish spaces yields both
new results and alternative proofs of known results, which are better
comprehensible for mathematicians with a background in analysis.
7. The development of numerical analysis in spaces of measures is greatly
helped by proving or disproving the proximinality of the sets
Dn :=
{
n∑
i=1
aiδxi : xi ∈ S, ai ≥ 0,
n∑
i=1
ai = 1
}
in (M+ (S) , ‖ · ‖∗BL), where S is a Polish space. That is, whether there
exists for every µ ∈M+ (S) at least one element ν ∈ Dn such that
‖µ− ν‖∗BL = d (µ,Dn) = inf
x∈S
‖µ− ν‖∗BL.
8. Consider a bounded open set Ω in Rn with sufficiently smooth boundary.
The mathematical literature on the diffusion semigroup with Neumann
boundary conditions in Lp (Ω) with 1 < p < ∞ is enormous when com-
pared to the case p = 1.
9. Wisdom is not simply distinguishing good things from bad ones. Wisdom
is knowing the best among good things and the worst among bad things.
10. Knowledge is more valuable than money. Knowledge guards you, while
you guard money. Knowledge brings money, but money never brings
knowledge.
